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Abstract
We propose a general inverse formula for extracting inflationary parameters from
the power spectrum of cosmological perturbations. Under the general slow-roll scheme,
which helps to probe the properties of inflation in a model independent way, we invert
the leading order, single field, power spectrum formula. We also give some physically
interesting examples to demonstrate its wide applicability and illuminate its properties.
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1 Introduction
It is believed that the power spectra of both the cosmic microwave background radiation and
the large scale structure of the observable universe have evolved from a common primordial
spectrum of curvature perturbations produced during inflation [1]. Through the observa-
tion of these spectra we can study the properties of inflation. For example, results from
the Wilkinson Microwave Anisotropy Probe [2] and Sloan Digital Sky Survey [3] provide a
remarkable set of data, which places strong restrictions on models of inflation [4].
There have been many studies on the accurate evaluation of the power spectrum, pro-
vided that the inflationary parameters are given. But practically we observe the power
spectrum first, and then seek an appropriate inflationary model from which the observed
spectrum could result [5]. In the context of the standard slow-roll approximation, such in-
version is straightforward [5]. However, the standard slow-roll approximation makes strong
assumptions about the properties of inflation, which have not yet been confirmed observa-
tionally. Thus we are lacking a model independent way of extracting useful information
about inflationary parameters from the power spectrum.
The general slow-roll approximation [6] was introduced to eliminate these unjustified as-
sumptions of standard slow-roll, instead essentially only relying on the observed approximate
scale invariance of the spectrum. See Refs. [7, 8] for some other alternatives to the standard
slow-roll approximation. The one limitation of general slow-roll is that it does not cover
cases where super-horizon effects are dominant [9]. Also, in this paper, we limit ourselves to
the case of single field models of inflation, though the single field general slow-roll formulae
can also be applied to some multi-field models of inflation [10]. These extensions will be
treated thoroughly in a separate publication [11].
In this paper, we invert the leading order single field general slow-roll formula for the
power spectrum [6] to obtain a formula, Eq. (7), for inflationary parameters in terms of the
primordial power spectrum. See Ref. [12] for an alternative method of inversion that also
does not rely on the standard slow-roll approximation. In Section 2 we give our inverse, in
Section 3 we give some examples which illustrate the use and properties of our inverse, and
in the Appendix we give some alternative forms for some of our formulae.
2 General slow-roll formulae
For single field inflationary models, it is convenient to express inflationary quantities in terms
of
f =
2piaξφ˙
H
, (1)
where ξ = −
∫
dt
a
= 1
aH
(
1− H˙
H2
+ · · ·
)
is minus the conformal time [6, 13]. We think of f
as a function of ln ξ so that f ′ ≡ df/d ln ξ.
To leading order in the general slow-roll approximation, the spectrum can be expressed
as [6]
lnP(k) =
∫ ∞
0
dξ
ξ
[−kξ W ′(kξ)]
[
ln
(
1
f 2
)
+
2
3
f ′
f
]
. (2)
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There are a variety of other forms for this formula, some of which are given in the Appendix.
The window function −xW ′(x) is given by ‡
W (x) =
3 sin(2x)
2x3
−
3 cos(2x)
x2
−
3 sin(2x)
2x
− 1 . (3)
It has the asymptotic behavior
lim
x→0
W (x) =
2
5
x2 +O(x4) , (4)
the window property ∫ ∞
0
dx
x
[−xW ′(x)] = 1 , (5)
and the degeneracy ∫ ∞
0
dx
x
[−xW ′(x)]
1
x
= 0 . (6)
2.1 Inverse formula
Our inverse formula is
ln
(
1
f 2
)
=
∫ ∞
0
dk
k
m(kξ) lnP , (7)
where
m(x) =
2
pi
[
1
x
−
cos(2x)
x
− sin(2x)
]
. (8)
It has the asymptotic behavior
lim
x→0
m(x) =
4
3pi
x3 +O(x5) (9)
and the window property ∫ ∞
0
dx
x
m(x) = 1 . (10)
It is straightforward to derive Eq. (7) from Eq. (2) using the key identity
∫ ∞
0
dk
k
m(kζ)W (kξ) =
(
ζ3
ξ3
− 1
)
θ(ξ − ζ) , (11)
where θ(x) = 0 for x < 0 and θ(x) = 1 for x > 0. An alternative form of the inverse formula
is given in the Appendix.
‡Note that we define W (x) with an extra −1 compared with our previous works [6].
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3 Examples
3.1 Standard slow-roll approximation
In the context of standard slow-roll, the power spectrum has the form
lnP = lnP⋄ + (n⋄ − 1) ln
(
k
k⋄
)
+ · · · , (12)
where k⋄ is some reference wavenumber. Applying our inverse formula, Eq. (7), gives
ln
(
1
f 2
)
= lnP⋄ + α(n⋄ − 1)− (n⋄ − 1) ln(k⋄ξ) + · · · , (13)
where we have used Eq. (10) and ∫ ∞
0
dx
x
m(x) ln x = α , (14)
where α = 2 − ln 2 − γ ≃ 0.7296. We see that Eq. (13) reproduces the standard slow-roll
inverse, which is trivially obtained from the standard slow-roll formulae [13]
lnP = ln
(
1
f 2⋆
)
− 2α
f ′⋆
f⋆
+ 2
f ′⋆
f⋆
ln(kξ⋆) + · · · (15)
and
n− 1 = 2
f ′⋆
f⋆
+ · · · , (16)
where ξ⋆ is an arbitrary evaluation point, usually taken to be around horizon crossing.
3.2 Power law
Consider a spectrum of the form
lnP = lnP0 − Ak
ν (17)
with ν > 0. In the limit ν ≪ 1, this reproduces a significant subset of standard slow-roll
spectra. However, we have in mind that instead it is A that is sufficiently small to give
the required approximate scale invariance over observable scales. Besides being motivated
by simplicity, such a form for the power spectrum is well motivated by inflationary model
building [10].
Substituting into our inverse formula, Eq. (7), we obtain
ln
(
1
f 2
)
= lnP0 − AC(ν) ξ
−ν , (18)
where
C(ν) =
∫ ∞
0
dx
x
m(x) xν
=
21−ν
pi
Γ(2 + ν)
ν(1 − ν)
sin
(piν
2
)
for ν < 1 . (19)
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For ν ≥ 1, the inverse diverges. This is to be expected as Eq. (6) shows that the forward
formula, Eq. (2), is degenerate for ν = 1.
For a better understanding of this degeneracy, we can start from an inflationary scenario
[10] which leads to a power spectrum of the form of Eq. (17). In such a scenario, f is
calculated to be
ln
(
1
f 2
)
= ln
(
1
f 2∞
)
−Bξ−ν (20)
with ν > 0. Then, calculating the power spectrum using Eq. (28), we obtain
lnP = ln
(
1
f 2∞
)
−BD(ν) kν , (21)
where
D(ν) =
∫ ∞
0
dx
x
[−xw′(x)] x−ν
= 2ν
Γ(2− ν)
1 + ν
cos
(piν
2
)
for ν < 2 . (22)
For ν < 1 everything is straightforward and similar to the standard slow-roll case ν ≪ 1. For
ν = 1 we have D(1) = 0 so that the first order general slow-roll formula becomes degenerate.
Thus we cannot expect an inverse to exist for ν ≥ 1. For 1 < ν < 2, the super-horizon
tail of the window function −xw′(x) dominates, but the general slow-roll formula, Eq. (28),
still converges. For ν ≥ 2, the general slow-roll formula diverges indicating the need for
super-horizon methods [9, 11].
Finally, from Eq. (18) or (21), we have
lnP0 = ln
(
1
f 2∞
)
, (23)
and noting that
C(ν)D(ν) = 1 , (24)
we see the consistency of Eqs. (17) and (18) with (20) and (21).
3.3 Linear potential with a sharp step
As our final example, we consider a linear potential of slope A with a sharp downward step
at φs. See Ref. [14] for a more complete discussion of this example. The potential is
V (φ) = V0[1− A(φ− φs)− a θ(φ− φs)] , (25)
where A determines the slope of the potential and a the height of the step. The potential is
not smooth and we have a singularity at the position of the step. Therefore we cannot apply
the standard slow-roll approximation since φ˙ is changing drastically at the step. But we
can apply the general slow-roll approximation to calculate the power spectrum. We assume
4
A≪ 1 so that de Sitter space is a good approximation, and aV0 ≪ A
2 so that the step only
generates a small departure from scale invariance. Then, we have
ln
(
1
f 2
)
= ln
(
V0
12pi2A2
)
− 2
aV0
A2
(
ξ
ξs
)3
θ(ξs − ξ) . (26)
Using Eq. (2), the power spectrum is
lnP = ln
(
V0
12pi2A2
)
+
2
3
aV0
A2
kξsW
′(kξs) . (27)
Now, using our inverse, Eq. (7), to invert this power spectrum we recover Eq. (26) by using
Eq. (11). This again illustrates the power of the general slow-roll approach compared with
the standard slow-roll approach.
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Appendix
In this appendix we give some alternative formulae for the spectrum and the inverse.
If f∞ ≡ limξ→∞ f exists, as for example in the models of Ref. [10], then we have the
following form
lnP = ln
(
1
f 2∞
)
+
∫ ∞
0
dξ
ξ
[−kξ w′(kξ)] ln
(
f 2∞
f 2
)
, (28)
where §
w(x) =
sin(2x)
x
− cos(2x)− 1 . (29)
It has the asymptotic behavior
lim
x→0
w(x) =
2
3
x2 +O(x4) , (30)
the almost window property
∫ ∞
0
dx
x
[−xw′(x)] = 1 + cos(2∞) , (31)
§Note that we define w(x) with an extra −1 compared with our previous works [6].
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and the degeneracy ∫ ∞
0
dx
x
[−xw′(x)]
1
x
= 0 . (32)
It is related to W (x) by
w(x) =W (x) +
x
3
W ′(x) , (33)
and Eq. (11) gives ∫ ∞
0
dk
k
m(kζ)w(kξ) = −θ(ξ − ζ) . (34)
An alternative form for the spectrum with a particularly simple window function is
lnP =
∫ ∞
0
dξ
ξ
[−kξ v′(kξ)]
[
ln
(
1
f 2
)
− 2
f ′
f
]
, (35)
where
v(x) =
sin(2x)
2x
− 1 . (36)
It has the asymptotic behavior
lim
x→0
v(x) = −
2
3
x2 +O(x4) , (37)
window property ∫ ∞
0
dx
x
[−x v′(x)] = 1 , (38)
and is related to w(x) by
w(x) = v(x)− x v′(x) . (39)
An alternative form for the inverse with a particularly simple window function is
ln
(
1
f 2
)
=
∫ ∞
0
dk
k
n(kξ)
[
lnP +
d lnP
d ln k
]
, (40)
where
n(x) =
1
pi
[
1
x
−
cos(2x)
x
]
. (41)
It has the asymptotic behavior
lim
x→0
n(x) = −
2
pi
x+O(x3) , (42)
window property ∫ ∞
0
dx
x
n(x) = 1 , (43)
and is related to m(x) by
m(x) = n(x)− xn′(x) . (44)
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